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Coxeter groups and Soergel bimodules

» Let (W, S) be a Coxeter system.
> Let V be a real reflection faithful representation of
(W, S). Let R=0O(V) = S(V*). Itis graded (we set
deg(V*) = 2) and W acts degreewise on R. For every
s €S8, set
Bs := R®ps R.

It is an (indecomposable) graded R-bimodule.
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Bs = R®RS R.

It is an (indecomposable) graded R-bimodule. The
category of graded R-bimodules is Krull-Schmidt.

» Let x € W. Set Gr(z) := {(zv,v) |[v eV} CV x V.
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» Let (W,S) be a Coxeter system.

> Let V be a real reflection faithful representation of
(W, S). Let R=0O(V) = S(V*). Itis graded (we set
deg(V*) = 2) and W acts degreewise on R. For every
s€ S, set

Soergel bimodules

Bs = R®RS R.

It is an (indecomposable) graded R-bimodule. The
category of graded R-bimodules is Krull-Schmidt.

» Let x € W. Set Gr(z) := {(zv,v) |[v eV} CV x V.

Then
Bs = O(Gr(e) UGr(s)) =: O(e, s).
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Categorification of the Hecke algebra

Theorem (Soergel’s categorification theorem)

The (additive, monoidal ® r, Karoubian, stable by grading
shifts) category B generated by the Bs, s € S is a
categorification of the Iwahori-Hecke algebra H(W') of W,
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categorification of the Iwahori-Hecke algebra H(W') of W,
i.e., we have H(W) = (B), where (B) is the split
Grothendieck ring of BB.
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» Soergel conjectured that the indecomposable objects in
B correspond (up to shifts) to Kazhdan and Lusztig's
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Williamson.
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Theorem (Soergel’s categorification theorem) Themas Gl
joint with -

The (additive, monoidal ®r, Karoubian, stable by grading Armetaure ThED

shifts) category B generated by the Bs, s € S is a Soergel bimodules

categorification of the Iwahori-Hecke algebra H(W') of W,

i.e., we have H(W') = (B), where (B) is the split

Grothendieck ring of BB.

» Soergel conjectured that the indecomposable objects in
B correspond (up to shifts) to Kazhdan and Lusztig's
basis {C!, }wew. This was proven by Elias and
Williamson. It implies that KL polynomials (for
arbitrary Coxeter groups) have nonnegative coefficients,
and other important conjectures in rep. theory.

» The bounded homotopy category of B can be used to

produce a categorical action of the (generalized) braid
group of (W, S) (Rouquier).
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Soergel bimodules for CRG ?

» There have been attempts to generalize some
representation-theoretic aspects of finite reductive
groups to (non-existing) reductive groups attached to
complex reflection groups (" Spetses’ program).
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» The definition of Bj still makes sense for a complex
reflection group: for V/, take the natural module.



Soergel bimodules for CRG ? s s

complex reflection
groups of rank one

» There have been attempts to generalize some Thomas Gobet
representation-theoretic aspects of finite reductive Ann(eJ-TZErZ'tThhiel)
groups to (non-existing) reductive groups attached to
complex reflection groups (" Spetses’ program).
Complex reflection groups also have a generalized braid
group attached to them. Defining Soergel bimodules for
these groups might be useful in the study of these

objects.

Soergel bimodules

» Question: can we construct an analogue of a category
of Soergel bimodules for CRG 7

» The definition of Bj still makes sense for a complex
reflection group: for V/, take the natural module.

» First basic observation: if W is a CRG and
s € Ref(W), then if o(s) # 2, we have

Bs 2 Ofe, s).
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» Let s : C — C be a reflection of order d > 2, that is, s
is given by multiplication by a primitive d-th root of
unity C.

DA

A Soergel-like
category for
complex reflection
groups of rank one

Thomas Gobet
(joint with
Anne-Laure Thiel)
Soergel bimodules

Description of the
Grothendieck ring

Semisimplicity

Extended Soergel
categories



A Soergel-like

A Soergel-like category on the rank one case ey i

complex reflection
groups of rank one

» Let s: C — C be a reflection of order d > 2, that is, s Thomas Gobet

(joint with

is given by multiplication by a primitive d-th root of Anne-Laure Thiel)

unity ¢.
y C Soergel bimodules

» Let V=C, R=0(V), and Gr(z) be as above.



A Soergel-like category on the rank one case P

complex reflection
groups of rank one

» Let s: C — C be a reflection of order d > 2, that is, s Th(n_amas G
Joint witl

is given by multiplication by a primitive d-th root of Anne-Laure Thiel)

unity ¢.
y C Soergel bimodules

» Let V=C, R=0(V), and Gr(z) be as above.
» Given A C W, we write

O(A) :=0( U Gr(z)).
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It is a graded, indecomposable R-bimodule.
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It is a graded, indecomposable R-bimodule.
Definition
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A Soergel-like category on the rank one case category for
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» Let s: C — C be a reflection of order d > 2, that is, s Thomas Gobet
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Un|ty C Soergel bimodules

» Let V=C, R=0(V), and Gr(z) be as above.
» Given A C W, we write

O(A) :=0( U Gr(z)).

€A
It is a graded, indecomposable R-bimodule.
Definition
A subset A C W is cyclically connected if

A= {st st .. s} for some 0 <i,j<d—1.

» Let By be the (additive, graded, monoidal, Karoubian)
category generated by B, := O(e, s).
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Description of the Grothendieck ring

Theorem (Structure of the Grothendieck ring of By)

1. The indecomposable objects in Byy are given by

{O(A) | AC W cyc. connected}/isoms. and grading shifts.

In particular, the split Grothendieck ring Ay = (Bw) is a
free Z[v, v—t]-module of rank d(d — 1) + 1.
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Description of the Grothendieck ring

Theorem (Structure of the Grothendieck ring of By)

1. The indecomposable objects in Byy are given by

{O(A) | AC W cyc. connected}/isoms. and grading shifts.

In particular, the split Grothendieck ring Ay = (Bw) is a
free Z[v, v—t]-module of rank d(d — 1) + 1.

2. The algebra Aw has generators s, Cq,--- ,Cyq_1 and rel.
st = 1,
C;C; = C;C; Vi, j and sC; = Cys Vi,
CiC; =Cig1+sCiq YVi=1,...,d— 2,
C1Ca—1 = (v+v 1) Ca-r,
sC4—1 = Cy_1,
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» An important step in the proof of the Theorem above is
given by
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About the proof, (slightly) more seriously

» An important step in the proof of the Theorem above is
given by

Lemma (" Soergel's Lemma")

Let A C W be cyclically connected. There is an
isomorphism of graded R-bimodules

Ole, 5) O O(A) = O(AU sA) & O(AN sA)[-2)].
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About the proof, (slightly) more seriously

» An important step in the proof of the Theorem above is
given by

Lemma (" Soergel's Lemma")
Let A C W be cyclically connected. There is an
isomorphism of graded R-bimodules

Ole, 5) O O(A) = O(AU sA) & O(AN sA)[-2)].

» This allows one to decompose tensor powers of O(e, s)
in direct sums of O(A), where A C W is cyclically

connected.
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Semisimplicity

» The algebra Ay is an extension of (a version of) the
Hecke algebra of W (put s = 1 in the above
presentation). The Hecke algebra of W is known to be
semisimple.
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» The algebra Ay is an extension of (a version of) the
Hecke algebra of W (put s = 1 in the above
presentation). The Hecke algebra of W is known to be
semisimple.

> Let A% be the C-algebra defined by the same
presentation as the one in the main theorem, but over
C, with v € C*.
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» The algebra Ay is an extension of (a version of) the
Hecke algebra of W (put s = 1 in the above
presentation). The Hecke algebra of W is known to be

semisimple.

> Let A% be the C-algebra defined by the same
presentation as the one in the main theorem, but over
C, with v € C*.

Semisimplicity

Theorem (Semisimplicity)

Ifv+ovt #£2cos(5F) forallk=1,...,d— 1, then AT, is a
semisimple algebra.
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» If d =2 (type A1), then Soergel's category has two
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» If d =2 (type A1), then Soergel's category has two
indecomposables. The bimodule O(s) does not appear
as a direct summand of a tensor power of B;.
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» If d =2 (type A1), then Soergel's category has two
indecomposables. The bimodule O(s) does not appear
as a direct summand of a tensor power of B;. Adding it
as generator gives a category whose Grothendieck ring
has the same presentation as the one above.
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indecomposables. The bimodule O(s) does not appear
as a direct summand of a tensor power of B;. Adding it
as generator gives a category whose Grothendieck ring
has the same presentation as the one above.

» It is unknown what the Grothendieck ring of the
category generated by Soergel bimodules and O(s),
s € S is in the case of Coxeter groups, except in types
A1 and AQ.
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Extended Soergel categories

» If d =2 (type A1), then Soergel's category has two
indecomposables. The bimodule O(s) does not appear
as a direct summand of a tensor power of B;. Adding it
as generator gives a category whose Grothendieck ring
has the same presentation as the one above.

» It is unknown what the Grothendieck ring of the
category generated by Soergel bimodules and O(s),
s € S is in the case of Coxeter groups, except in types
A1 and AQ.

» In type As, this category gives rise to a Grothendieck
ring of rank 25.
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